Abstract. We determine criteria for the prime spectrum of an ambiskew polynomial algebra R over an algebraically closed field K to be akin to those of two of the principal examples of such an algebra, namely the universal enveloping algebra U (sl 2 ) (in characteristic 0) and its quantization U q (sl 2 ) (when q is not a root of unity). More precisely, we aim to determine when the prime spectrum of R consists of 0, the ideals (z − λ)R for some central element z of R and all λ ∈ K, and, for some positive integer d and each positive integer m, d height two prime ideals P for which R/P has Goldie rank m.
Introduction
The results of this paper are applicable to the determination of the prime ideals of ambiskew polynomial algebras and generalized Weyl algebras. For readers unfamiliar with these algebras, details appear at the end of this introduction. The main results of [12] are simplicity criteria for an ambiskew polynomial algebra R over a field K and, in cases where R is not itself simple, certain localizations and factors of R including generalized Weyl algebras. Such results are applicable to the analysis of the prime spectrum of an ambiskew polynomial ring or of any ring which has an ambiskew polynomial ring as a localization. Our aim is to prove results that can prove that the prime spectrum of a given algebra R over an algebraically closed field K meets the following description ( * ): 0 is a prime ideal, there exists z ∈ Z(R) (the centre of R) such that the height one prime ideals have the form (z − λ)R, λ ∈ K, (z − λ)R is maximal for all but countably many values of λ and there is a positive integer d such that, for each m ≥ 1, R has d height two prime ideals P for which R/P has Goldie rank m. It is well-known that the prime spectra of the universal enveloping algebra U(sl 2 ) (in characteristic 0) and the universal quantized enveloping algebra U q (sl 2 ) (when q is not a root of unity) fit the description ( * ) with d = 1 and 2 respectively. These two algebras are among the main examples of ambiskew polynomial rings. They are well-understood and will serve to illustrate our results. The new application will be to certain ambiskew polynomial rings over coordinate rings of quantum tori which arise, as localizations, in our analysis of connected quantized Weyl algebras [6] .
The first step in establishing ( * ) for a domain is to identify an appropriate central element z for which the localization of R at K[z]\{0} is simple. This will be done in Section 2 using the notion of a Casimir element for an ambiskew polynomial ring. When such elements exist, they are normal but not necessarily central. [12, Theorem 4.7] is a simplicity criterion for the localization of R at the powers of z. If z is central then this localization is never simple and the appropriate localization for which to consider simplicity is at K[z]\{0}. In Proposition 2.2, we give a simplicity criterion for this localization. As the localization is central, all ideals of R extend to ideals of the localization and simplicity of the localization is equivalent to the property that every non-zero ideal R has non-zero intersection with K[z]. Proposition 2.9 generalizes Proposition 2.2 to a situation where there is a central polynomial subalgebra K[z, c 1 , . . . , c t ] of R for some t ≥ 0. This general result will be applied, with t = 1 to show that the augmented down-up algebras of [15] have the property that every non-zero ideal has non-zero intersection with the centre which, for these algebras, is a polynomial algebra in two indeterminates.
Having completed the first step, we proceed, in Section 3, to analyse prime spectra of the factors R/(z − λ)R for λ ∈ K. For description ( * ) to hold we need all but countably many of these to be simple. These factors are generalized Weyl algebra W (A, α, u) in the sense of [1] and there are applicable simplicity criteria [2, 12] for W (A, α, u). We also need to show that the countably many exceptions each have a unique non-zero prime factor and we shall establish sufficient conditions for this to occur, giving an explicit description of the unique non-zero prime. In Section 4, a parameter m arising in that description will be shown to be the Goldie rank of W (A, α, u)/P for the unique prime ideal P . For U(sl 2 ) and the quantized enveloping algebra U q (sl 2 ) the exceptional maximal ideals are annihilators of finite-dimensional simple modules but this is not the case for the examples over quantum tori, where the factors are infinite-dimensional.
In the remainder of the introduction, we give some reminders of the construction and properties of ambiskew polynomial rings and generalized Weyl algebras. Definitions 1.1. Let K be a field, and let A be a K-algebra. For convenience, we shall assume that K is algebraically closed. Let ρ ∈ K\{0} and let v be a central element of A. Let α ∈ Aut K A and let β = α −1 . Extend β to a K-automorphism of A[y; α] by setting β(y) = ρy. There is a β-derivation δ of A[y; α] such that δ(A) = 0 and δ(y) = v. The ambiskew polynomial algebra R(A, α, v, ρ) is the iterated skew polynomial algebra A[y; α][x; β, δ]. Thus ya = α(a)y and xa = β(a)x for all a ∈ A and xy = ρyx + v.
More general versions of ambiskew polynomial algebras are considered in [12] , where v need not be central and β need not be α −1 , and [10] , where α need not be bijective, but here we consider only the case specified above.
If there is a central element u ∈ A such that v = u − ρα(u) then the element z = xy − u = ρ(yx − α(u)) is such that zy = ρyz, zx = ρ −1 xz and za = az for all a ∈ A. Hence z is normal in R, i.e. zR = Rz, and it is central if and only if ρ = 1. If such an element u exists then it is called a splitting element and we say that R is a conformal ambiskew polynomial algebra. We then refer to the element z := xy − u = ρ(yx − α(u)) as the Casimir element of R. If ρ = 1 then u and z are not unique and, for any λ ∈ K, can be replaced by u − λ and z + λ respectively.
Let
is central and it is easily checked, by induction, that, for m ≥ 0,
If u is a splitting element in the conformal case then
is a conformal ambiskew polynomial ring and W = R/zR then, as a ring extension of A, W is generated by X := x + zR and Y = y + zR subject to the relations Y a = α(a)Y and Xa = β(a)X for all a ∈ A. Thus W is a generalized Weyl algebra in the sense of [1] . We may denote W , which has a Z-grading in which W 0 = A and, for i > 0, W i = AY i and W −i = AX i , as W (A, α, u). If A is a domain then, by the Z-grading, so too is W .
It is easy to check inductively that, for all m ≥ 1, 
Proof. Suppose that for all m ≥ 0, there exists a non-zero polynomial
The argument in [7, 1.5] , where A is commutative, is valid more generally and shows that Y is a right and left Ore set in R and
. By the centrality of Z, W := {y m p(z) : m ≥ 1, p(z) ∈ Z} is a right and left Ore set in R and
; α] is simple and Z(A[y ±1 ; α]) = K, it follows from [14, Lemma 9.6.9], with V = K [z] , that R W is simple.
Let J be a non-zero prime ideal of R and suppose that z − λ / ∈ J for all λ ∈ K. By Lemma 2.1 and the simplicity of R W , y m q(z) ∈ J for some m ≥ 0 and some q(z) ∈ Z. By the algebraic closure of K, q(z) factorizes into linear factors each of which is regular modulo J, by the centrality of z, so y m ∈ J. We can suppose that m ≥ 0 is minimal such that y m ∈ J and also that m ≥ 1. There exists a non-zero polynomial
As u and
mod Ry m and so, as p(u)y m−1 ∈ J and y m ∈ J, we see that p(−z)y m−1 ∈ J. The regularity of p(−z) modulo J then gives that y m−1 ∈ J, contradicting the minimality of m. Thus m = 0 and J = R. Hence z − λ ∈ J for some λ ∈ K. Hence R Z is simple.
Conversely suppose that R Z is simple. Let m ≥ 1. As in the proof of [12, Lemma 4.1], let J be the K-subspace of R spanned by the elements of the form x i ay j where i > 0 or j ≥ m or a ∈ v (m) A. Then J is a right ideal of R and I := ann R (R/J) is an ideal of R contained in J and containing y m . Note that J ∩ A = v (m) A. As Z is central, IR Z is a non-zero ideal of the simple ring R Z so, by [14, Proposition 2.1.16(iv)], it follows that p(−z) ∈ I for some non-zero polynomial p(X) ∈ K[X]. Thus p(u − xy) ∈ J and, as x ∈ J and uxy = xyu ∈ J, it follows that p(u)
; α] is simple can be rephrased in terms of the base ring A. Using [14, Theorem 1.8.5], it is easy to check that these conditions are equivalent to the following three conditions:
(ii) α n is outer for all positive integers n;
The following lemma is applicable to show that, in the situation of Proposition 2.2, if R Z is simple then every height one prime ideal of R is generated by an irreducible element of Proof. It is routine to check that an isomorphism is given by
where, for i ∈ Z, a i = a i + I.
Corollary 2.5. Let R be a conformal ambiskew polynomial ring of the form R(A, α, v, 1)
where A is a K-algebra and v is a central regular non-unit. Let u be a splitting element and z = xy − u be the corresponding Casimir element. Let Z be the multiplicatively closed set of central elements
Proof. Certainly R is a domain. It follows from Proposition 2.2 that if P is a height one prime ideal of R then f ∈ P for some irreducible element f ∈ K[z]. It remains to show that f R is completely prime. By [11, Corollary 2.6], R is isomorphic to the generalized Weyl algebra W = W (B, α, u), where B = A[z] and α extends to K[z] with α(z) = z. Applying Lemma 2.4 with I = f B, we see that R/f R is a generalized Weyl algebra over the domain B/f B and hence is a domain.
In the first two of the following examples it is well-known that every non-zero ideal intersects the centre non-trivially. They are included to illustrate Proposition 2.2 rather than to advance understanding of the examples. Example 2.6. Assume that char(K) = 0. Let A be the polynomial algebra K[t] and let α be the K-automorphism of A such that α(t) = t + 2. It is well-known that A is α-simple. Let ρ = 1 and let u =
2 , so that v = t. Then R(A, α, v, 1) is the enveloping algebra U(sl 2 ), in which x, y and t are usually written e, f and h. In the notation of Definitions 1.1, the Casimir element z given by the formula in Definitions 1.1 is 1 4 (Ω+1), where Ω is the usual Casimir element as, for example, in [5] .
(m + t − 1)(m − t + 1). In accordance with Proposition 2.2, the localization of R at K[z]\{0} is simple.
Example 2.7. Let q ∈ K and suppose that q is not a root of unity. Let A be the Laurent polynomial algebra K[t ±1 ] and let α be the K-automorphism of A such that α(t) = q 2 t. Again, it is well-known that A is α-simple. Let ρ = 1 and let u = −(q
is the quantum enveloping algebra U q (sl 2 ), for example, see [3, Chapter I.3] . Here x, y and t are usually written E, F and K. The Casimir element z is xy + (q
In accordance with Proposition 2.2, the localization of R at K[z]\{0} is simple. Note that the version of U q (sl 2 ) considered in [7, Example 2.3 ] is different to the now established one considered here.
In the next example, which occurs as a localization of a connected quantized Weyl algebra in [6] , A is noncommutative and the results of [8] on height one prime ideals do not apply.
Example 2.8. Let p be an odd positive integer and let q ∈ K * . Suppose that q is not a root of unity. Let A be the quantum torus with generators z 
Thus p(u) ∈ v (m) A where p(X) = X 2 − σ and σ = q The next result is a generalization of Proposition 2.2, which is the case t = 0, and is applicable to other algebras in which every ideal intersects the centre non-trivially. 
Proof. (i) is straightforward.
(ii) We adapt the proof of Proposition 2.2 with
Suppose that R Z is not simple, let M = 0 be a maximal ideal of R Z and let J = M ∩ R. Then Z ∩ J = ∅, J = 0 and, using the centrality of Z, it is easy to check that J is a prime ideal of R. By Lemma 2.1 and the simplicity of R W , y m q(z, c 1 , . . . , c t ) ∈ J for some m ≥ 0 and some q(z, c 1 , . . . , c t ) ∈ Z. By the centrality of q(z, c 1 , . . . , c t ), q(z, c 1 , . . . , c t ) is regular modulo J so y m ∈ J. We can suppose that m is minimal such that m ≥ 0 and y m ∈ J. As J is proper, m ≥ 1. There exists a non-zero polynomial p(X, X 1 , . . . , Conversely suppose that R Z is simple. Let m ≥ 1. As in the proof of Proposition 2.2, if J denotes the K-subspace of R spanned by the elements of the form x i ay j where i > 0 or j ≥ m or a ∈ v (m) A then J is a right ideal of R and I := ann R (R/J) is an ideal of R contained in J and containing y m . Also J ∩A = v (m) A. As Z is central, IR Z is a non-zero ideal of the simple ring R Z so, by [14, Proposition 2.1.16(iv)], it follows that p(−z, c 1 , . . . , c t ) ∈ I for some nonzero polynomial p(X, X 1 , . . . , X t ) ∈ K[X, X 1 , . . . , X t ]. Thus p(u − xy, c 1 , . . . , c t ) ∈ J and, as x ∈ J and uxy = xyu ∈ J, it follows that p(u, c 1 , . . . , c t )
We next look at a class of algebras, introduced by Terwilliger and Worawannotai [15] , to which Proposition 2.9 applies with t = 1.
, let q ∈ K * and suppose that q is not a root of unity. Let α be the K-automorphism such that α(k) = q 2 k and α(c) = c. Fix a non-zero integer n and a Laurent polynomial
, such that a n = 0. Let u = ck n + f (k) and
In particular b 0 = 0. Then R = R(A, α, v, 1) is generated by k ±1 , c, x and y subject to the relations ck = kc, xc = cx, yc = cy,
By (6),
so, as a generator, c is redundant. Substituting the above expression for c in the relations xc = cx and cy = yc gives two relations in x, y and k that are cubic in x, y. Then R is generated by k ±1 , x and y subject to these two relations and
This corresponds to the presentation in [15, Definition 2.1], but the generators there are e = q −t k s x and f = y, where t − s = n. Following [15] , we shall refer to R as an augmented down-up algebra.
By the construction above R is conformal with central Casimir element z = xy − u and it is readily checked that
] which is an integral domain of transcendence degree 1. Hence there exists a non-zero polynomial
Applying 2.9, we obtain the following Proposition.
Proposition 2.11. If R is an augmented down-up algebra then every non-zero ideal of R has non-zero intersection with Z(R) and the localization of R at Z(R)\{0} is simple.

Corollary 2.12. An augmented down-up algebra R is a UFD (in the sense of [4]).
Proof. The proof is essentially the same as that of Corollary 2.5.
Families of exceptional simple quotients
Although the results of this section are more widely applicable, they are aimed at the case where R satisfies the hypotheses and the simplicity criterion of Proposition 2.2. Examples include Examples 2.6, 2.7 and 2.8. We continue to assume that K is algebraically closed so that every height one prime ideal P of R has the form (z − λ)R with λ ∈ K. The factor R/(z − λ)R is then the generalized Weyl algebra W (A, α, u − λ) and the following result from [2] is applicable. An earlier version appeared in [9] , where A is commutative, and a more general version is [12, Theorem 5.4 ]. The following lemma determines those values of λ for which R/(z − λ)R is simple in Example 2.8. Proof. Suppose that uA + α m (u)A is proper. The maximal ideals of A have the form (z p − µ)A, µ ∈ K * and are completely prime with factors isomorphic to quantum tori in p − 1 indeterminates. So there exists µ ∈ K * such that u ∈ (z p − µ)A and α m (u)A ∈ (z p − µ)A and hence such that
Eliminating the terms that involve µ −1 ,
and, dividing through by q m − 1, which is necessarily non-zero, λ = −q 1−m (q m + 1)µ. Hence λ = 0. Also
Conversely, suppose that λ = ±q
)A which is a maximal ideal of A.
(q m + 1) from which it follows successively that q −a
As q is not a root of unity, this cannot happen if a ∈ N\{m}. Proof. This is immediate from Proposition 2.9 and Lemma 3.2.
Repeating the argument yields the stated consequence. Proof. Note that the two definitions of I 0 coincide.
and, similarly, XJ −i ⊆ J −(i+1) . Now let i ≥ 1. As u ∈ α −m (I) and u ∈ I,
and Proof. Now suppose that K is prime and that J ⊆ K. Then, as J is an ideal and Proof. By Lemmas 3.8 and 3.9 respectively, J(M) is maximal and is the unique prime ideal in W containing X m and Y m . Let K be an ideal of W containing X r and Y r for some r ∈ N. By Lemma 3.4, if 0 < r < m then K = W and if r > m then X m ∈ K and Y m ∈ K. Hence J(M) is the unique prime ideal in W containing X r and Y r for any r ∈ N. Now suppose that A is α-simple and that no power of α is inner. Let P be a non-zero prime ideal of W . [12, Lemma 3.1] , there exist r, s such that X r ∈ P and Y s ∈ P . Replacing r and s by their maximum, we can assume that r = s. By the above P = J(M).
In the case of U(sl 2 ) and U q (sl 2 ), the maximal ideals that arise in the form J(M) are the annihilators of the finite-dimensional simple modules. These are well understood and provide nice illustrations of the theory developed above.
Example 3.11. Let R be as in Example 2.6. Thus char(K) = 0,
2 , v = t and R is the enveloping algebra U(sl 2 ). We suppose that K is algebraically closed. Then every height one prime ideal of R has the form (z − λ)R = (xy − (u + λ))R for some λ ∈ K and R/(z − λ)R = W (K[t] , α, u + λ), where α(t) = t + 2. (t−1) 2 ) is simple.
Example 3.12. Let R be the quantum enveloping algebra U q (sl 2 ) as in Example 2.7. Thus q ∈ K * is not a root of unity, A = K[t ±1 ], α(t) = q 2 t, ρ = 1, and u = −(q −1 t+qt −1 )/(q−q −1 ) 2 . Every height one prime ideal of R has the form (z − λ)R = (xy − (u + λ))R for some λ ∈ K and R/(z − λ)R = W (K[t ±1 ], α, u + λ), where α(t) = q 2 t. If n and m are distinct positive integers then, as q −m + q m = q −n + q n ⇒ (q m − q n )(1 − q −(m+n) ) = 0 which is impossible as q is not of unity. It now follows from Theorems 3.1 and 3.10 that, for each m ≥ 1, there are two values of λ for which the exceptional maximal ideal J(M m,λ ) exists. Together with 0 and the ideals (z − λ)R, these are all the prime ideals of R.
In the next example, the exceptional maximal ideals J(M) have infinite codimension over K and so are not annihilators of finite-dimensional simple modules. Example 3.13. Let p ≥ 1 be odd, let q ∈ K * and suppose that q is not a root of unity. Let R = R(A, α, v, 1) and Ω be as in Example 2.8. We have seen that the height one prime ideals of R are the ideals (Ω − λ)R and, in Corollary 3.3 that (Ω − λ)R is maximal unless λ = ±q 
